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I Abstract 

(N 

' ^ ' . Although special relativity limits the actual velocity of a particle to c, the velocity of 

Q^i light, the observed velocity need not be the same as the actual velocity as the observer is 

P3 I only aware of the position of a particle at the time in the past when it emits the detected 

^j^l signal. We consider the apparent speed and acceleration of a particle in two cases, one 

^ ' when the particle is moving with a constant speed and the other when it is moving 

O ■ with a constant acceleration. One curious feature of our results is that in both cases, if 

the actual velocity of the particle approaches c, then the apparent velocity approaches 
(—] . infinity when it is moving toward the observer and c/2 when it is moving away from the 

I ^i . observer. 

> 

O ' 1. Introduction 

^ . 

Tij- , One can derive the relativistic phenomena of the time dilation and length contraction from 

fSJ i the Lorentz transformation. However, one does not directly observe these phenomena as the signal 

used by an observer to detect an event takes a finite length of time to travel from the event to the 
observer. As a result, two events that occur at the same time in an observer's frame of reference 
are not actually detected at the same time if they occur at different distances from this observer. 
This can even result in the apparent velocity of an exceeding c, the velocity of light. 



o 



X 



The consequence of this time delay in receiving the signal of an event has received consider- 
able attention. The appearance of extended objects has been analyzed by a number of authors 
[Lampe(1924); Penrose(1959); Terreh(1959); Weisskopf(1960); Hickey(1979); Nowojewski(2005); 
Deissler(2005)]. Astronomical situations in which "superluminal" motion has been observed have 
been discussed in a number of places as well [Rees(1966); Blandford et al.(1977); Blandford and 
Konigl(1979); Rybicki and Lightman(1979); Mirabel and Rodriguez(1994)]. The possibility of rela- 
tivistic effects being generated by accelerating astronomical objects has also been considered [Zhou 
et al.(2004)]. 
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In this paper, we discuss pedagogically the apparent velocity and acceleration of an object 
according to an observer whose observations are affected by the time delay between a signal being 
emitted by the object and its reception by the observer. 

2. Relativistic Motion at Constant Velocity 

The Lorentz transformatioij^ 



= 7 (x - vt) , y =y, z' = z, t' = [t - -^xj , (1) 

where 7 = (l — u^/c^) , relates the space-time coordinates in two coordinate systems S and 
S' moving with a velocity v relative to each other, provided that v is aligned along the x and x' 
axes provided they coincide at t = t' = 0. It leads immediately to such consequences as length 
contraction, time dilation, and an upper limit c, the speed of light, for the velocity of an object. 

However, an observer at time t does not detect the actual position of a moving particle but 
only the position of the particle at some time r in the past when it emitted the signal detected at 
time t. If the signal is a beam of light, then 



c (t — r) = (distance traveled by the light signal) (2) 

since c, the velocity of light, is the same for all observers. (If the signal were, say, a sound wave, 
then the velocity of the signal is dependent on the frame in which it is measured.) 

If the particle moving along the 2;— axis with speed f > so that x = vt, then a pulse of light 
emitted at Xp that is received by the observer at a; = satisfies, by equation ([2]), 

c(t-^)=|xp|. (3) 
If the particle is receding from the observer, then Xp > and by equation [3] 

c 

while if the particle is approaching the observer, then Xp < and 



^This transformation was con sidered before 1 900 in studies on the invariance of the wave equation bv lVoigtl ( 1887|) 
and of the Maxwell equations by iLarmor l|l899l ). 
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vt 



1 



(5) 



Asv ^ c, the apparent velocity Vp = dxp/dt approaches c/2 for the receding particle and approaches 
infinity for the approaching particle. This latter result accounts f o r some astronomical object s 
purportedly ha ving "superluminal" speeds (see for example iReesI (119661 ) i lRybicki fc LightmanI (jl979l ): 
Deissleil (|2005h 'l. 



In general, the observer is at (d, e, /) and the particle at (xp,yp,2:p) in the rest frame of the 
observer when the light signal is emitted detected by the observer at time i, equation ([2]) then 
becomes 



c (t - r) = (xp - df + (yp - ef + {zp - ff 



1/2 



(6) 



If {xp, y^, Zp,T ') are the coordinates for the emission of the hght pulse in the rest frame of the 
emitter with this frame moving with a velocity v in the x, x' direction which coordinates (xp, yp, -Zp, r) 
for this event, then. 



From equation ([T]) 



t^P = 7 i^'p + vt') , yp 



Vpj 



z' t' 

^p) ' 



7 r 



SO that 



(7) 



7 ^x' + VT. 



(8) 



so that equation ([6]) becomes 



c[t-v ^ (xp - 7 ^Xp)] = (xp - df + [y'p - e)^ + {z'p - f)' 
If we solve equation Q for Xp, then 



1/2 



(9) 



2 , 7^t;^ , 
7 + 7x —d 



P c2 



+ 



7t>y 

c / 



2 \ 2 
Cp + ^Vt) + ^ ^ 



'd' + {y'p-ef + {z'p-fy 



d\ -2vtd-2j~^dx'p 



1/2 



(10) 
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If the particle is moving in the direction of increasing x (i.e., v > 0) the negative root is 



appropriate in equation ([10 
reduces to 



In the limit where x' 



f 



v\t\ 
c 



0, equation (|10p 
(11) 



which is identical to equations (j4]) and ([5]). 

Equation (10) has been used (lLamDelll92i IPenroselEosgl : iTerreljllQsd : IWeisskopjEoeol : | IScott &: Vineij 



19651 : lHickevlll979l : iNowo jewskil |2005| ) to obtain the apparent shape of an extended object moving 
with velocity v. From equation (10) it is straightforward to evaluate the apparent velocity 




(xp + jvt) 



4„3 



7 f 



-1/2 



(12) 



of an object moving with a constant velocity v according to an observer. From equation (jl2p it is 
clear that this apparent velocity depends explicitly on the position of the observer {d, e, /) in its 
rest frame and the position of the particle (xp, y'^, z'^j in its rest frame in a non-trivial way. 



3. Relativistic Motion at Constant Acceleration 

We now consider the apparent velocity of a particle that is constantly accelerated. Non- 
relativistically, a particle undergoing constant acceleration eventually reaches an arbitrarily large 
velocity. Relativistically an object can never have a velocity exceeding c. The very definition of 
acceleration is frame dependent on account the Lorentz transformation. We define "constant ac- 
celeration" so that all observers in inertial reference frames who instantaneously see the particle at 
rest (i.e., "comoving" with the particle) see the same acceleration. 

If the observer is in a frame S in which the particle is moving along the x-axis, then it is easy 
to verify that an equation that satisfies the above criterion for acceleration is 



- cH^ = a% (13) 

where q is a constant. It follows from equation (jl3p that the particle moves along one of two 
branches of an hyperbola in the x—t plane; we take the particle to be moving along the branch on 



- 5 - 



which X > 0. If t < 0, the particle is approaching the origin (at x = 0), while for t > it is receding 
from it. Any hght signal emitted form the particle can only be detected at x = at a time t > 0, 
as X = is causally disconnected from any event on the trajectory of equation (jl3p where t < 0. 



To verify that equation (1131) satisfies the criterion for constant acceleration, we note that it 
implies that 

^ = . (14) 

and 

(fx (? cH"^ 

By equation (I14p . we see that the instant in S when the particle is at rest is t = 0; from 
equation (jlSp we see that at that instant the acceleration is c^/a. We note that if A is the "proper 
time" (i.e., dX = \/l — v'^/c^dt), then dx/dX = t(? ja. 

Now if S' is an inertial observer whose coordinates are related to those of S by a Lorentz 
transformation (as defined in eq. (1)), it follows that 

2 2j.2 12 /2j./2 
X — C t = X — c t , 

so that the trajectory of the particle as viewed by an observer in S' is 



x'2_c'¥2 = a2. (16) 

Since equations (jl3p and (|16p are of the same form, it follows immediately that in S', the 
particle is also at rest at t' = and that at that instant its acceleration is (? /a. Consequently all 
comoving observers would see the particle as moving with this acceleration. It is apparent from 
equation (jl4p that the particle always moves with a velocity less than c provided that > 0, and 
that as t — >■ ±oo this velocity approaches ±c. 

Let us now consider an observer located at x = receiving a light signal at time t emitted by 
a particle moving along the trajectory given by equation (jl3p at time r. If this particle is at Xp at 
r, then together equations ([2]) and (jl3p imply that 











c 






1 
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where the positive (negative) root occurs if the particle is receding from (approaching) the observer. 
As stated before, we consider only the case in which the particle is moving along the branch of the 
hyperbola for which Xp > 0. With this in mind, it follows from equation (|17p that 



ct 

which also implies that < t < oo. The apparent velocity of the particle is given by 



(18) 



dxp 



a 



2 2ct2 ■ 



(19) 



We, therefore, see that as t — )■ oo, Vp — )• c/2 and as t — )• 0"*", f p — )• — oo. This is consistent with 
results following from equations Q and ([5]). 

We now return to the situation in which the particle moves along the trajectory of equation 
(jl3p . but we now position our observer at (^, 0, C) in his rest frame, rather than at (0, 0, 0). If again, 
the particle emits a light signal at time r when it is at position (xp, 0, 0), we find that from equation 

m 



C{t-T)= {Xp-if + e 



1/2 



(20) 



where t is the time the signal arrives at (^, 0, Q). From equation (llSp we find that 



T = ± 



— o? 



(21) 



so that equation (j20p becomes 



t = c-M±(x^-a^)^/'+ (xp-e)^ + C 



\2 , ^2 



1/2 



(22) 



As a result, 



dxp 



c < 



-1 



+ 



6 



1/2 



(23) 



which is just the ^ = C = Hmit of equation (19), as expected. Equation (j24p reduces to equat 
(jlSp once ^ = C = 0. To express Xp in terms of t, one inverts equation (|22p to yield 



_ e(e^ + c^ + «^-cV)-/(t) 

where 

f{t) = ^4 (c2t2 _ ^2) ^2^2^,2 + ^2^2 (^2 + ^^2 + - £2*2)2 

Hence, 

-(C^-c2t2) f(t) + 2cH{Ce + Ca'-f{t)) 

2(^2-02*2)2 

and the apparent acceleration can also be computed as follows, 

"P = ^ 



- {e - cH^f fit) + [2c2(e2 _ ^2^2) ^ g^4^2] [^^2 ^ _ _ 4c2^j/(^) (^2 _ ^2^2 

" 2 (.^2 - 02*2)3 

where 

/'(t) = ^ [(^2 + ^2 ^ ^2 _ ^2^2)(^2 + ^2 ^ ^2 _ 3^2^2) _ 4^2^2 ^ g^2^2^2] 

and /"(*) can be computed in a similar manner. 

From eq. (24) it follows that we have the following asymptotic limits 
(1) As * oo (^, C fixed), 

, «^-C^ 3C(«^ + C^) , ^ / 1 
a„ — ;> „ .n rr-i 1- 



2C*2 c2*4 



(2) As ^ ^ oo (t, C fixed). 
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^p^-2+ 2e + — e — + + — — + 



(31) 



^3 + ^4 +^^^5 



(3) As C ^ oo (t, C fixed), 



(e + ct)^ 



+ 1 + 



(e + ct)^ 



+ 0(1 



(32) 



(33) 



(34) 



We see from eqs. (29-34) that the hmits t — t- oo, ^ — >• oo and — )• cx) do not commute. Further- 
more, as C — )■ cx) both and ap diverge. It would be of interest to consider astronomical situations 
that would serve to illustrate these results. 



G. McKeon would like to thank F. Brandt for helpful discussions and R. Macleod for a sugges- 
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